In this paper, a study of light-cone distribution amplitudes for p-wave heavy quarkonium states are presented. Within the light-front framework, the leading twist light-cone distribution amplitudes, and their relevant decay constants, have some simple relations. These relations can be further simplified when the non-relativistic limit and the wave function as a function of relative momentum | κ| are taken into consideration. In addition, the κ ⊥ integrations in the equations of LCDAs and ξ-moments can be completed analytically when the Gaussian-type wave function is considered. After fixing the parameters that appear in the wave function, the curves and the corresponding decay constants of the LCDAs are plotted and calculated for the charmonium and bottomonium states. The first three non-vanishing ξ-moments of the LCDAs are estimated and are consistent with those of other theoretical approaches.
I. INTRODUCTION
Light-cone distribution amplitudes (LCDAs) of hadrons are key ingredients in the description of various exclusive processes of quantum Chromodynamics (QCD), and their role can be analogous to those of parton distributions in inclusive processes. In terms of the Bethe-Salpeter wave functions Φ(u i , k i⊥ ), LCDAs φ(u i ) are defined by retaining the momentum fractions u i and integrating out the transverse momenta k i⊥ [1] . They provide essential information on the non-perturbative structure of the hadron for QCD treatment of exclusive reactions. Specifically, the leading twist LCDAs describe the probability amplitudes to find the hadron in a Fock state with the minimum number of constituents. In addition, the fact that B-physics exclusive processes are under investigation in BaBar and Belle experiments, also urges the detailed study of hadronic LCDAs. In literature, there have been many non-perturbative approaches to estimate LCDAs, such as the QCD sum rules [2, 3, 4, 5, 6] , lattice calculation [7, 8] , chiral quark model from the instanton vacuum [9, 10] , Nabmbu-Jona-Lasinio model [11, 12] , and the light-front quark model [13, 14, 15] .
These studies have dealt with LCDAs of pseudoscalar [3, 8, 9, 10, 11, 12, 13, 14] , vector [4, 7, 13, 14] , axial vector [5, 6, 15] , and tensor [6] mesons.
The present paper is devoted to the study of leading twist LCDAs of p-wave heavy quarkonium states which include the scalar (χ c0 , χ b0 ), axial vector (χ c1 , χ b1 , h c , h b ), and tensor (χ c2 , χ b2 ) mesons. The motivation of this study is as follows. Since the discoveries of J/ψ and Υ, occurring more than thirty years ago, a great deal of information on heavy quarkonium levels and their transitions has been accumulated [16] . The numerous transitions between heavy quarkonium states are classified as strong and radiative decays, which shed light on aspects of QCD in both the perturbative and the non-perturbative regimes (for a recent review see [17] ). In particular, some experimental results regarding χ cJ mesons have recently been reported [18, 19, 20, 21] . Therefore, a thorough understanding of their properties, such as LCDAs which are the universal non-perturbative objects, will be of great benefit when analyzing the hard exclusive processes with heavy quarkonium production.
It is known that heavy quarkonium is relevant to non-relativistic treatments [22] . Although non-relativistic QCD (NRQCD) is a powerful theoretical tool for separating highenergy modes from low-energy contributions, in most cases the calculation of low-energy hadronic matrix elements has relied on model-dependent non-perturbative methods. In this study, heavy quarkonium is explored within the light-front quark model (LFQM) which is a promising analytic method for solving the non-perturbative problems of hadron physics [23] as well as offers many insights into the internal structures of bound states. The basic ingredient in LFQM is the relativistic hadron wave function which generalizes distribution amplitudes by including transverse momentum distributions, and contains all the information of a hadron from its constituents. The hadronic quantities are represented by the overlap of wave functions and can be derived in principle. The light-front wave function is manifestly a Lorentz invariant, expressed in terms of internal momentum fraction variables which are independent of the total hadron momentum. Moreover, the fully relativistic treatment of quark spins and center-of-mass motion can be carried out using the so-called Melosh rotation [24] . This treatment has been successfully applied to calculate phenomenologically many important meson decay constants and hadronic form factors [25, 26, 27, 28, 29, 30] .
Therefore, the main purpose of this study is the calculation of the leading twist LCDAs of p-wave heavy quarkonium states within LFQM.
The remainder of this paper is organized as follows. In Section II, the leading twist LCDAs of p-wave meson states are shown in cases of the vector and tensor currents. In Section III, the formulism of LFQM is reviewed briefly, then the leading twist LCDAs are extracted within LFQM. The ξ-moments of these LCDAs are also calculated. In Section IV, numerical results and discussions are presented. Finally, the conclusions are given in Section V.
II. LEADING TWIST LCDAS OF p-WAVE MESONS
Amplitudes of hard processes involving p-wave mesons can be described by the matrix elements of gauge-invariant nonlocal operators, which are sandwiched between the vacuum and the meson states,
where P is the meson momentum, ǫ is the polarization vector or tensor (of course, ǫ does not exist in the case of scalar meson), Γ is a generic notation for the Dirac matrix structure and the path-ordered gauge factor is:
This factor is equal to unity in the light-cone gauge which is equivalent to the fixed-point gauge, (x − y) µ A µ (x − y) = 0, as the quark-antiquark pair is at the light-like separation [31] .
For simplicity, the gauge factor will not be shown below.
The asymptotic expansion of exclusive amplitudes, in powers of large momentum transfer, is governed by the expanding amplitude Eq. (2.1), shown in powers of deviation from the light-cone x 2 = 0. There are two light-like vectors, p and z, which can be introduced by:
such that p → P in the limit M 2 H → 0 and z → x for x 2 = 0. From this it follows that [4] 
where P x ≡ P · x and P z = pz
H . In addition, if the meson is assumed that it moves in the positiveê 3 direction, then p + and z − are the only nonzero component of p and z, respectively, in an infinite momentum frame. For the axial vector meson, the polarization vector ǫ µ is decomposed into longitudinal and transverse projections as: 5) respectively. For the tensor meson, the polarization tensor is:
(m is the magnetic quantum number) and ǫ µ• (≡ ǫ µν z ν ) can also be decomposed into longitudinal and transverse projections as:
LCDAs are defined in terms of matrix element of nonlocal operator in Eq. (2.1). For the scalar (S), axial vector (A), and tensor (T ) mesons, the leading twist LCDAs can be defined as:
, and g3 A 1 3 are symmetric (even) in the quarkonium states.
Therefore, the leading twist LCDAs are normalized as:
and can be expanded [2] in Gegenbauer polynomials C 3/2 n (ξ) as
where φ as (ξ) = 3(1 − ξ 2 )/4 is the asymptotic quark distribution amplitude and a l (µ) are the Gegenbauer moments which describe to what degree the quark distribution amplitude deviates from the asymptotic one. C 
Then a l can be obtained by using the above orthogonality integrals as
An alternative approach to parameterize quark distribution amplitude is to calculate the so-called ξ-moments
To disentangle the twist-2 LCDAs from higher twist in Eqs. (2.8) ∼ (2.12), the twist-2 contribution of the relevant nonlocal operatorq(z)Γq(−z) must be derived. For the Γ = γ µ (γ 5 ) case, the leading twist-2 contribution contains contributions of the operators which are fully symmetric in Lorentz indices [32, 33] : 18) where
The sum can be repressed in terms of a nonlocal operator,
Taking the matrix element between the vacuum and the p-wave meson state, we obtain: 
respectively. Picking n = 0 in Eqs. (2.23) and (2.24), we obtain
Note that the tensor meson cannot be produced by the V − A current, then we pick n = 1 in Eq. (2.25) and obtain
From the normalization Eq. (2.13), we have 0|qγ
consistent with the results of [34] .
Next, we consider the case of Γ = σ µν (γ 5 ), where the leading twist-2 contribution contains contributions of the operators:
The sum can be also represented in terms of nonlocal operators:
Taking the matrix element between the vacuum and the axial-vector and tensor meson state, we obtain:
where 
Picking n = 0 in Eqs. (2.36) and (2.37), we obtain:
It is worth noting that the author of Ref. [31] also considered an approach that disentangled the twist-2 LCDAs from the higher twists, in the case of an axial vector meson state (Γ = σ µν γ 5 ): Besides z ν , Eq. (2.31) has taken the product with a term proportional to (ǫ µ P z − P µ ǫz). We find this approach equivalent to ours. The derivation is as follows. The term (ǫ µ P z − P µ ǫz) can be expanded by using Eqs. (2.4) and (2.5) as
The first term of last line has no contribution to the result because σ µν is antisymmetric.
III. GENERAL FORMULISM IN LFQM A. Framework
A meson bound state, consisting of a quark q 1 and an antiquarkq 2 with total momentum P and spin J, can be written as (see, for example [26] ):
where k 1 and k 2 are the on-mass-shell light-front momenta,
and
In terms of the light-front relative momentum variables (u, κ ⊥ ) defined by
The relative momentum inẑ direction κ z can be written as
The momentum-space wave-function Ψ JJz LS for a 2S+1 L J meson can be expressed as
where ϕ LLz (u, κ ⊥ ) describes the momentum distribution of the constituent quarks in the bound state with the orbital angular momentum L, LS; L z S z |LS; JJ z is the corresponding Clebsch-Gordan coefficient and R
constructs a state of definite spin (S, S z ) out of lightfront helicity (λ 1 , λ 2 ) eigenstates. Explicitly,
where |s i are the usual Pauli spinors, and R M is the Melosh transformation operator [25] :
with u 1 = 1 − u, u 2 = u, and n = (0, 0, 1) is a unit vector in theẑ-direction. In addition,
9)
where M 0 is the invariant mass ofand generally different from the mass M of meson which satisfies M 2 = P 2 . This is due to the fact that the meson, quark and anti-quark cannot be simultaneously on-shell. We normalize the meson state as 10) in order that:
Explicitly, we have: 12) where κ Lz=±1 = ∓(κ ⊥x ± iκ ⊥y )/ √ 2, κ Lz=0 = κ z are proportional to the spherical harmonics Y 1Lz in momentum space, ϕ p is the distribution amplitude of p-wave meson. In general, for any function F ( κ), ϕ p (u) has the form of:
where the normalization factor N is determined from Eq. (3.11).
In the case of a p-wave meson state, it is more convenient to use the covariant form of (3.14) where
For the scalar, axial-vector, and tensor mesons, we have: 16) where K ≡ (k 2 − k 1 )/2 and:
Note that the polarization tensor of a tensor meson satisfies the relations: ǫ µν = ǫ νµ and ǫ µνP µ = ǫ µ µ = 0. Eqs. (3.14) and (3.16) can be further reduced by the applications of equations of motion on spinors:
For the "good" component, µ = +, the leading twist LCDA φ S can be extracted as:
In the quarkonium case m 1 = m 2 = m, Eq. (3.21) can be further reduced as:
A similar process can be used for the axial vector and tensor mesons which correspond to Eqs. (2.27), (2.38) and (2.28), (2.39), respectively, and the leading twist LCDAs are extracted as
From the normalization Eq. (2.13), some relations among the constants f M s could be easily obtained as:
then, the relations among the relevant LCDAs are:
where the subscript "odd (even)" means the odd (even) function of u and
Note that Eqs. (3.29) and (3.30) are independent of the form of ϕ p . Furthermore, in the nonrelativistic situation, the momenta κ z,⊥ are much smaller than quark mass m, and M 0 can be reduced to approximately 2m. Thus, we have:
From Eqs. (3.32) and (3.34), one can obtain: 35) and relate the ξ-moments of the φ even to those of the φ odd as 36) with the function F = F (| κ|). The derivations of Eqs. (3.35) and (3.36) are shown in Appendix C. The above results are consistent with those of [6] in the nonrelativistic approximation.
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Next, we choose a Gaussian-like wave function, as shown in [28] : 37) for further calculations. In Eqs. (3.31) and (3.32), the κ ⊥ integrations can be performed as follows:
where
2 and:
is the incomplete Gamma function. The incomplete gamma function may be expressed quite elegantly in terms of the confluent hypergeometric function: 41) and (a) n = (a + n − 1)!/(a − 1)! is the Pochhammer symbol. However, the κ ⊥ integrals in Eqs. (3.25) and (3.28) cannot be analytically performed. The crux is the term proportional to 1/M 0 + 2m. This term may be rewritten and expanded as: factor is the ClebschGordan coefficient of the polarization tensor ǫ µν for the tensor meson state T (P, ǫ λ=0 ). This distinction is from the different definition of φ T : There is a ǫ µν in both hand sides of Eq. (2.11). By contrast, in the upper part of Eq. (4) of Ref. [6] , ǫ µν appears only in the left hand side.
We only consider the first two terms in the square bracket of Eq. (3.42) because M 0 −2m goes to zero in the non-relativistic approximation. Then, the approximate form of, for example, φ T (u) which containing the first one term and first two terms in the square bracket of Eq.
(3.42) are defined as:
respectively. The κ ⊥ integrals can be performed as:
We can find that the both curves of φ
T (u) and φ
T (u) are almost overlap each other by using the parameters in Table 1 (See Sec. IV). Therefore we only consider the first term in the square bracket of Eq. (3.42) and take the approximation φ T (u) ≃ φ 
In addition, the ξ-moments of Eqs. (3.38), (3.39), (3.45), and (3.47) can be analytically expressed as:
and l is a non-negative integer. The derivations of Eqs. (3.48) ∼ (3.51) used the formula:
which is easily checked from the definition of the confluent hypergeometric function Eq.
(3.41).
IV. NUMERICAL RESULTS AND DISCUSSIONS
In this section, the LCDs, constants f s, and ξ-moments are estimated. Prior to numerical calculations, the parameters m and β, which appeared in the wave function, must be determined firstly. We consider the Hamiltonian of the p-wave heavy quarkonium state as:
where br (− 4αs 3r
) is the linear (Coulomb) potential, S 12 = (3s 1 ·r s 2 ·r − s 1 · s 2 ) is the tensor force operator, and g 1,2,3 are the functions of the relevant interquark potentials (the details are shown in, for example, [37, 38] ). In this way, the mass difference between the spinsingle ground state M( 1 P 1 ) and the spin-weighted average of the triplet states M( 
is necessary. The values of the additional parameters b and α s come from literature [39] :
for the heavy quarkonium states. We individually vary b and α s to realize how they connect to m and β. The results are shown in Table I . We find the parameters m and β insensitively depend on b and α s . results are consistent with Eqs. (3.33) and (3.35) . In addition, the curve of φ bb (ξ) in Fig.   2 , in which ξ is peaked around zero, was sharper than that of φ cc (ξ). This meant that the momentum fraction u in the bottomonium state is more centered on 1/2 than in the charmonium state, which is reasonable, as the mass of b quark is larger than that of c quark.
A similar situation exists for the odd functions in Fig. 1 .
Finally we show the LCDAs in terms of the ξ-moments. Eqs. Tables 2 and 3 . In Table 2 , Refs.
[6] used the QCD sum rules with the non-relativistic wave functions. The authors of Ref.
[41] calculated in the framework of the Buchmuller-Tye potential model, and found their results are in agreement with experiments which included the leptonic widths and hyperfine splittings. The authors of [42] calculated in the Cornell potential. For the charmonium sector, our results are not only consistent with those of [6, 41, 42] , but also conform to Eq.
(3.36). In the framework of NRQCD, the authors of Ref. [6] related the relative velocity of quark-antiquark pair inside the p-wave charmonium state to the ξ-moments as: case, we proved that our method is equivalent to that of Ref. [31] . Next, these LCDAs have been shown in terms of the light-front variables (u, κ ⊥ ) and the relevant decay constants.
We found that the decay constants and LCDAs had the following relations:
If one takes the non-relativistic limit and the wave function as a function of | κ|, then the above relations among the decay constants could be further simplified as
, and in addition, the ξ-moments of φ odd and φ even have the relation: ξ n φeven = ξ n φ odd /(n + 1). The κ ⊥ integrations for the equations of LCDAs and ξ-moments could be analytically performed when the Gaussian-type wave function is considered. The parameters m and β, which appear in the wave function, were determined by taking the mass of the spin-weighted average of the triplet state M( 3 P J ) and the variational principle for its Hamiltonian into account. We found the parameters m and β insensitively depended on the linear potential constant b and the strong coupling constant α s . The curves and the corresponding decay constants of the LCDAs φ odd , φ T , φ T ⊥ , and φ even were plotted and calculated for the charmonium and bottomonium states. These results are consistent with the relations which are mentioned in last paragraph. However, the value of f odd is about a factor of two smaller than that in [6] which was studied within QCD sum rules. In addition, the first three ξ-moments were calculated, and were consistent with those of other theoretical approaches.
The relative velocity of quark-antiquark pair v 2 of charmonium and bottomonium states were also estimated and were consistent with those used in NRQCD. 
We can further calculate the integral as: 
